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Plan of presentation

1 Historical Reachability Problem
Definitions
Version Graph (VG)

Historical Transitive Closure
Online Traversal of the Version Graph (INS and INT)

TimeReach (TR)
Strongly connected components (SCC)

Condensed TimeReach (TRC)
Interval 2Hop Labels

2 Experimental Evaluation
Index Size
Index Construction Time
Query Processing
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Historical Reachability Query

G = (V ,E)

Directed graph
Gt = (Vt ,Et)

Graph snapshot at time instant t
G[ti ,tj ] = {Gti , ...,Gtj}

Evolving graph in time interval [ti , tj ]

Historical reachability query
Social networks, citations, computer and hyperlink networks
Evolving graph G[ti ,tj ]
Time interval IQ
Nodes u, v

Conjunctive – u
IQ∧ v ?

Disjunctive – u
IQ∨ v ?
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Version Graph

L(u),L(e)
Lifespan of temporal elements
Set of intervals

[ti , tj ] ∈ L(u)↔ ∀ m ti ≤ tm ≤ tj .
u ∈ Vtm

VGI = (VI ,EI ,Lu,Le)

Version graph
VI = ∪tm∈IV, EI = ∪tm∈IE
Lu : VI → I, Le : EI → I

I – set of intervals
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Operations on lifespans

Minimum set of intervals
Contains no pairs of
overlapping or continous
intervals
Intervals as bit arrays or
ordered lists

I ⊗ I ′
Join
Set of time instants common
to both intervals

I ⊕ I ′
Merge
Minimum set equivalent to
I ∪ I ′

L(p) = Le(e1)⊗ ...⊗ Le(em)

Lifespan of a path
p = e1...em

P(u, v) = {p1, ...,pl}
Set of all paths from u to v

L(u, v) = L(p1)⊕ ...⊕ L(pl)

Lifespan of the reachability
between u and v

u
IQ∧ v = true
{IQ} ⊗ L(u, v) w IQ

u
IQ∨ v = true
{IQ} ⊗ L(u, v) 6= ∅
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Lifespan of the reachability

Example: L(u4, u6) = [0,3]
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Approaches to reachability queries

Basic approaches in static graphs:

Baseline
Approaches

Pre-computation
of graph transitive

closure

Online
traversal

of the graph
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Historical Transitive Closure

Transitive Closure computation

CLI
Single transitive closure for
version graph VGI
Contains L(u, v)

Construction
Variation of Floyd-Warshall
algorithm

Time – O(|VI |3 · T )
Storage – O(|VI |2)

Transitive Closure (TC)

Solving u
IQ∧ v , u

IQ∨ v
Constant time
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Online Traversal of the Version Graph

Version graph

Instant-based traversal (INS)
Traverse only edges with Le(e) w t
Once for each t ∈ IQ

Interval-based traversal (INT)
Avoid multiple traversals in
conjunctive queries

Pruning tests
Not passing node or edge not living
during query interval
IN (w) – parts of query interval for
which node w has been traversed

IN (w) w I → traversal is pruned

Worst case complexity of INT and INS
O(|VI |+ |EI |) · |IQ |)
INT outperforms INS
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Interval-based traversal of the Version Graph
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Strongly connected components (SCC)

Strong connected
components (SCC) in an

evolving graph

Social graphs characterized by
large SCC
Every node in SCC reachable from
any other node in this SCC

Identified by Tarjan’s algorithm
Time complexity –
O(|VI |+ |EI |) · |I|)

Different SCCs at each snapshot
P(u) = {(C, t)}

Posting list for node u
C – component, t – time instant

Storage complexity – Ω(|VI | · |I|)
Strong connections

Posting sharing
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Strongly connected components (SCC)

SCC evolution over time
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TimeReach (TR)

Strong connected
components (SCC) in an

evolving graph

GStk
= (VStk

,EStk
)

SCC graph snapshot
Nodes – SCC in Gtk
Edges – edges between any
nodes of SCC in Gtk

GSI = {GSti
, ...,GStj

}
Evolving SCC graph in a time
interval I = [ti , tj ]

TimeReach (TR) approach

u
IQ∧ v , u

IQ∨ v?
For each t ∈ IQ :

u and v belong to the same
SCC?
Their SCC are reachable in
corresponding GSt ?
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Condensed TimeReach (TRC)
Optimal SCC-ID assignment

Minimum number of postings for
time interval I and a set of SCC
Re-assign IDs of postings

GC = (VC ,EC ,W)
Weighted graph

Nodes – SCC at any time
instant
(U,V ) ∈ EC ↔ ∃u ∈ VGI .
(U, t) ∈ P(u) ∧ (V , t + 1) ∈ P(u)
W(U,V ) – number of nodes
that belong to both U and V

GC[tk ,tk+1]

Subgraph of GC
Only SCC having existed at
interval [tk , tk+1]

Bipartite graph
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Condensed TimeReach (TRC)
Optimal SCC-ID assignment

Minimum number of postings for
time interval I and a set of SCC
Re-assign IDs of postings

Maximize the weight of edges
between node with the same ID

Maximum weight bipartite
matching Mk of each GC[tk ,tk+1 ]

Approximation greedy
algorithm – O(|E |)

Condensed TimeReach (TRC)
Evolving SCC graph

VGSI = (VSI ,ESI ,Lu,Le)

Condensed version graph
Version graph of evolving SCC
graph
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Condensed TimeReach (TRC)
Tarjan’s algorithm for
computing SCC

O(|Vt |+ |Et |)
Weighted bipartite graph
construction

O(|EC[t−1,t |)
MWM computation and new
SCC IDs assignment

Greedy algorithm
O(|ES[t−1,t |)

Update SCC postings for
nodes

only if changed since t − 1
O(|Vt |)

Algorithm complexity –
O(|Vt |+ |Et |)
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Query Processing in Condensed TimeReach (TRC)

Query Processing (u
IQ∧ v , u

IQ∨ v ?)
u and v belong to the same SCC during the whole interval
Otherwise check reachability between SCC in other subintervals

u
IQ1∧ C6, u

IQ2∧ C6, C5
IQ3∧ v

Combine results using ∧ or ∨
Time cost at worst case

Traverse condensed version graph for all time instants t
O(|IQ | · (|VSI |+ |ESI |))

Size od condensed version graph← Optimal CSS assignment
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Interval 2Hop Labels

Interval 2Hop Labels

Labels for each node u
Lin(u),Lout(u)
For each node
w ∈ Lin(u) ∪ Lout(u)

Reachability
lifespan L(u,w)
or L(w , u)

Constructed by BNF
search

Start from largest
(indeg(u) + 1)×
(outdeg(u) + 1)

u reaches v
Lin(v) ∩ Lout(u) 6= ∅
Lifespans satisfy

IQ∧ 

or
IQ∨ 
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Experimental Evaluation
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Experimental Evaluation – Index Size

Graph size
Larger SCC→ higher TRC
compression

Percentage of deletes
↓ TR, TRC – isolated nodes are
disconnected from SCC
↑ TRCH – additional nodes
must be included in labels to
ensure reachability tests
VG – size of labels remains
constant
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Experimental Evaluation – Construction Time

VG→ TR→ TRC→ TRCH
Greedy algorithm for TRC fast and precise enough
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Experimental Evaluation – Query Processing
Source and target chosen randomly
Interval-based faster than Instant-based

Instant-based false conjunctive queries in FB (answer found
immediately)

u
IQ∧ v ?

u
IQ∨ v ?
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Experimental Evaluation – Query Processing

u
IQ∧ v ?

u
IQ∨ v ?
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TimeReach: Historical Reachability Queries on
Evolving Graphs

Thank you.
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