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Phases of development of measurement systems
Gordon V. Childe – 3 phases of measurement systems development
Increase in importance of craftsmanship and trade

Formalization of definitions of measurement units
Precision of measurement

1. Measurement by comparison and binary decision
Production for the own individual household
Lack of specialization
Eg. fitting parts of the tool

2. Traditional length measurement system
Units based on length of body parts
Length described as a number of units
Exchange of goods between the households

3. Standardized traditional length measurement system
Precision and repeatability of length units
Standardization of units performed by elites
Presence of prototypes, eg. measuring rods
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Classification of measurement systems

Natural systems (eg. metric)
Defined by the physical constants

Traditional standardized systems
(eg. imperial)

Defined by the law

Larger units
Multiples of smaller
units

Regular numbers
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Regular numbers

Positional numeral system with a base (radix) x
(ai ...a1a0)x = a0 · x0 + a1 · x1 + ...+ ai · x i

0 ≤ a0...ai ≤ x − 1,a0...ai ∈ N
Old Babylonian period

Sexagesimal numeral system
Numbers containing only 2, 3 and 5 in their prime factorization

Definition (Regular number in positional numeral system)
A regular number in numeral positional system with a base x is:

1 An integer number whose prime factors form a subset of the set of
all prime factors of the number x ,

2 A fraction which satisfies the condition 1 after being multiplied by
some power of x with integer exponent.
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Regular numbers

Examples of regular numbers
Decimal system

4, 25, 5
2

3, 15, 1
6

Property
Every regular number in numeral system with base x has a finite
positional notation in this system

Regular measurement system in numeral system with base x
Proportion of values of every two units of measurement system is
a regular number in the numeral system with base x

Examples of regular measurement systems
Metric system in decimal numeral system
Imperial system in decimal numeral system

1 feet = 12 inches = 22· 3 inches
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Mesopotamian numeral system

Double digits

Additive-positional system
Sexagesimal
Double digits
Lack of decimal mark

Nominal and real values
(17, 17

60 , 17 · 3600)

Development of the numeral system
Early Dynastic Period
(c. 2900–2400 BC)

Creation of the system
Old Babylonian Period
(c. 1894–1595 BC)

Zero symbol or space
Seleucid Dynasty
(312–141 BC)

Leading and trailing zeros in
astronomical texts
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Middle Eastern numeral systems

Number notation in
Mesopotamian and Old Persian

numeral systems

Mesopotamian mixed decimal
system

Rules of notation
< 100→ sexagesimal system
≥ 100→ decimal system

13 li-im 9 mi-at 1,12
Abu Salabich,
Early Dynastic Period

13 · 1000 + 9 · 100 + (1,12)60 =
13000+900+1·60+12·1 = 13972

Old Persian System
Additive decimal system
Mesopotamian double digits

Unlimited value of “digits”
Lack of positional notation
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Relations between units

1. Every larger unit is a
multiple of a smaller unit

Imperial system
2. Proportions of lengths of all
units are regular numbers in
the numeral system used by
the culture considered

Standard
Sumerian-Babylonian
system

3. Proportions of lengths of all
units are powers with integer
exponent of the base of the
numeral system used by the
culture considered

Metric system

1 ∧ 2← 3
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Sumerian-Babylonian length measurement system

Standard Sumerian-Babylonian length measurement system
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Sumerian-Babylonian length measurement system
Regular system in sexagesimal numeral system
Interpretation of the notation “3,20 ammatu”

Value in the order of ammatu, which has a nominal value equal
(3,20) nindan (1 ammatu = 1

12 nindan)

3 · 60x+1 + 20 · 60x =
1
12

[nindan]

60x =
1

4000

x = log60

(
1

4000

)
= −2,025733 ≈ −2

(0; 03,20)60 = 3 · 60−1 + 20 · 60−2 =
3
60

+
20

3600
=

9 + 1
180

=

=
1

18
[nindan] =

2
3

[ammatu].
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System of Petrie (1877)
Drawings made by Pascal Coste and Eugène Flandin (1840)
Regularity

Larger units are not multiples of the smaller units
Lack of regularity in sexagesimal numeral system

Association with numeral systems
Multiples of basic unit the most frequent

25, 100 – regular in decimal numeral system
40
3 , 50

3 – regular in sexagesimal numeral system
Arish (India), royal cubit (Egypt) – 64,325 cm (25 × BU)

Length measurement system for Persepolis proposed by Petrie (1877)
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System of Babin (1891)
Drawings made by Pascal Coste and Eugène Flandin (1840)
Regularity

Regular system in sexagesimal numeral system
Thumb
Finger = Foot

Cubit = 5
3

Association with Mesopotamian systems
Lack of units of similar length

Module as a radius of column measured at fixed height
Xerxes Gate – 15,5 fingers = 71,3 cm
Apadana – 17 fingers = 78,2 cm

Length measurement system for Persepolis proposed by Babin (1891)
Paweł Borycki Metrological analysis of ancient buildings in Persepolis



Introduction Length and its measure Architectural module Conclusion

System of Krefter (1971)
Dimensions of bricks

Mud bricks – 33× 33× 13 cm
Thickness of joints – 1,0-1,5 cm

Regularity
Regular system in sexagesimal numeral system
Finger, palm, foot, cubit

Equivalents in Mesopotamian systems
r = 1,0272, if ammatu = 50 cm

Royal cubit
Twice the length of foot, computational procedure?

Length measurement system for Persepolis proposed by Krefter (1971)
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System of Roaf (1978)
Markers on platforms of Palace of Xerxes and Palace of Darius
Intercolumniations
Regularity

Regular system in sexagesimal numeral system
Isomorphism with subsets of Mesopotamian systems and the
system of Krefter

Lack of royal cubit
Coefficients of proportionality

Mesopotamian – r = 1,0440, if ammatu = 50 cm
Krefter – r = 1,0164

Length measurement system for Persepolis proposed by Roaf (1978)
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Length units proposed for Persepolis
Lack of preserved texts and measuring devices
Regular systems in sexagesimal numeral system
Coefficient of variation for common units

v = σ
µ , µ 6= 0

cubit – 3,6%
foot – 2,7%
finger – 14,2%

Inability to merge units called finger

BABIN 1891 KREFTER 1971 ROAF 1978
royal cubit — 68,48 —

cubit 55,20 51,36 52,1 – 52,2
foot 33,10 34,24 34,7 – 34,8
palm 7,43 8,56 8,7
finger 2,75 2,14 2,2

Length units proposed for Persepolis [cm]
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Architectural module

“The front of a Doric temples is to be divided into 27 parts if it is tetrastyle,
into 42 parts if it is hexastyle. Of these one part will be the module and when
this is determined, the distribution of all the work is produced by multiples of
it.” (Vitruvius)

Definition (Module)

Architectural module of a set of measurements A (MA) is the largest unit
such that every value of the measurement a ∈ A may be interpreted as a
multiple of the module with an absolute error ε:

∀.a ∈ A : ∃.n ∈ N+, ε < MA : a = n ·MA + ε.

Module as a special case of length unit.
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Architectural dimensions of the 1st class

Single structural elements
Bricks, stone blocks

Architectural details
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Architectural dimensions of the 2nd class

Rooms
Walls
Intercolumniations
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Architectural dimensions of the 3rd class

Buildings
Thoroughfares
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Classes of architectural dimensions and a module

Differences between computed values
Different units in the measurement system

Dimensions of the 1st class
→ finger (∼ 2 cm)
→ palm (∼ 8 cm)

Dimensions of the 2nd and 3rd class
→ foot (∼ 34 cm)
→ cubit (∼ 52 cm)

Vertical and horizontal dimensions
Different units? – Different precision?

Verification of the computed results
Independent datasets
Multiples of the smaller units
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Methods of module computation

Cosine quantogram method

φ(x) =

√
2
N

N∑
i=1

cos

(
2πai

x

)

Kendall, “Hunting quanta”, 1974

Modified least squares method

ψ(x) =
1
x2 ·

1
N
·

N∑
i=1

(x · round
(ai

x

)
− ai)

2

Mustonen, 2012
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Verification of the computed module

Assumption: M is a module for a set of measurements A
For every measurement a ∈ A:

n = a/M rounded to the nearest integer
aM = M ∗ n
∆(M,a) = |aM − a|

For all measurements, except for negligible number of them, a ∈ A
value ∆(M,a) is small

M is a module for a set A
For significant number of measurements a ∈ A value ∆(M,a) is large

M is not a module for a set A

Statistical evaluation of an error
mean, standard deviation, median, minimum, maximum
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Palace of Xerxes in Persepolis

Xerxes I
519 – 465 BC

Markers in the form of
incisions on the platform
of the palace

Eastern edge of the
platform
Columns, walls,
doorways

Paweł Borycki Metrological analysis of ancient buildings in Persepolis



Introduction Length and its measure Architectural module Conclusion

Module computation – example (ROAF 1978)

Plan of the Palace of Xerxes (ROAF 1978)
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Module computation – example (ROAF 1978)

A = { 417,5; 417,0; 209,0;
382,0; 381,0; 382,5; 383,5;
383,0 } [cm]
Dimensions of the 2nd class
Values with the smallest
measures of error

Foot = 34,772 cm (34,760)
Palm = 8,690 cm (8,700)
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Palace of Xerxes – Modified least squares method
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Palace of Xerxes – Cosine quantogram method
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Verification of the module – example (ROAF 1978)
Eastern edge of the Palace of Xerxes platform, Persepolis
A = { 417,5; 417,0; 209,0; 382,0; 381,0; 382,5; 383,5; 383,0 } [cm]
Hypothesis:

MR = 34,760 [cm] is a module (ROAF 1978)
MB = 34,771 [cm] is a module (BORYCKI 2013)

a n aMR aMB ∆(MR,a) ∆(MB,a)
417,5 12 417,120 417,264 0,380 0,236
417,0 12 417,120 417,264 0,120 0,264
209,0 6 208,560 208,632 0,440 0,368
382,0 11 382,360 382,492 0,360 0,492
381,0 11 382,360 382,492 1,360 1,492
382,5 11 382,360 382,492 0,140 0,008
383,5 11 382,360 382,492 1,140 1,008
383,0 11 382,360 382,492 0,640 0,508
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Verification of the module – example (ROAF 1978)

Eastern edge of the Palace of Xerxes platform, Persepolis
A = { 417,5; 417,0; 209,0; 382,0; 381,0; 382,5; 383,5; 383,0 } [cm]
Hypothesis:

MR = 34,760 [cm] is a module (ROAF 1978)
MB = 34,771 [cm] is a module (BORYCKI 2013)

ROAF 1978 BORYCKI 2013
Mean absolute error 0,573 0,547
Mean square error 0,508 0,500

Median of error 0,410 0,430
Maximum error 1,360 1,492
Minimum error 0,120 0,008
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Palace of Xerxes – Local coordinate system

Plan of the Palace of Xerxes (ROAF 1978)
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Metrological analysis of ancient buildings in Persepolis

Thank you.
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